Raman amplification based on stimulated Stokes Raman scattering (SSRS) and wavelength conversion based on coherent anti-Stokes Raman scattering (CARS) are theoretically investigated in silicon-on-sapphire (SOS) waveguides in the mid-infrared (IR) region. When the linear phase mismatch k is close to zero, the Stokes gain and conversion efficiency drop down quickly due to the effect of parametric gain suppression when the Stokes-pump input ratio is sufficiently large. The Stokes gain increases with the increase of k, whereas efficient wavelength conversion needs appropriate k under different pump intensities. The conversion efficiency at exact linear phase matching ( k = 0) is smaller than that at optimal linear phase mismatch by a factor of about 28 dB when the pump intensity is 2 GW cm −2 .
Introduction
Within the past few years, silicon photonics has become a rapidly growing area [1] [2] [3] . Silicon exhibits pronounced third-order nonlinearity: the Kerr nonlinearity is more than 200 times larger than that of silica [4] and the Raman gain coefficient is about 10 3 -10 4 times larger than that of silica [5] . Moreover, because of the large refractive index difference between the core and cladding of silicon waveguides, a much stronger light confinement allows silicon waveguides to confine light with a smaller modal area, resulting in a proportional increase of nonlinear effects as the increase in optical intensity [4] . The Raman scattering effect and its applications in silicon waveguides have attracted significant attention in the near-infrared (IR) wavelength region due to the inherent advantages of silicon including unsurpassed crystal quality and extremely high optical damage threshold [6] . In particular, the silicon Raman amplifiers and lasers based on SSRS have been demonstrated on a silicon chip [7] [8] [9] [10] . Moreover, silicon Raman wavelength converters based on CARS have also been realized in silicon waveguides [11] [12] [13] . However, the main detrimental effects in the near-IR limiting the operation of these Raman devices are two-photon absorption (TPA) and TPA-induced free-carrier absorption (FCA). In addition, the heat generated by SSRS in the Raman amplifiers and lasers is also an obstacle [14] . Fortunately, Vermeulen et al have proposed an effective way to reduce unwanted heat generated in the Raman laser by using the CARS effect [15] , which depends on the value of the phase mismatch [12] . Therefore, dispersion engineered silicon waveguides, which can support appropriate phase mismatch to make SSRS and CARS working together, should be used to realize cooler Raman lasers and amplifiers.
More recently, the operating wavelength range has been extended to the mid-and long-wave-IR regions for silicon photonics, where the nonlinear losses induced by TPA and FCA can be reduced to negligible levels [16] [17] [18] [19] . The increased recent interest in mid-IR light sources, amplifiers and wavelength converters primarily relate to the high potential application in free space communications, biochemical detection and certain medical procedures [6] . Until now, there are few reports to investigate Raman effects in the mid-IR for silicon waveguides [20, 21] . Thus it will be very interesting to investigate the mid-IR Raman amplification and wavelength conversion.
In this paper, we investigate the Raman amplification and wavelength conversion in silicon-on-sapphire (SOS) waveguides with mid-IR picosecond pulsed pump. The Stokes gain and Stokes-to-anti-Stokes conversion efficiency as a function of pump peak power have been studied in SOS waveguides with different etch depths. Moreover, the evolutions of Stokes gain and conversion efficiency along the propagation length are investigated under different pump peak power. Finally, the relationship between Raman effects and linear phase mismatch k is studied to provide a guide to the design of the SOS waveguide.
Raman effects at mid-IR
During a Raman scattering interaction in silicon, three different scattering processes including SSRS, CARS and stimulated anti-Stokes Raman scattering (SARS) in practice all occur simultaneously with different efficiencies [22] . SSRS converts a pump photon at a frequency of ω p to a Stokes photon with a lower frequency of ω s while generating a phonon in the medium as shown in figure 1(a) . The second process, depicted in figure 1(b) , is CARS, which converts a pump photon and a Stokes photon into a pump photon and an anti-Stokes photon at a higher frequency of ω a in case of negligible pump depletion or in case the pump gets depleted and the phase mismatch is small [22] , while annihilating two phonons. However, in the case pump depletion occurs in combination with a considerable phase mismatch, the CARS will switch over from the interaction type depicted in figure 1(b) to the reverse interaction type that an anti-Stokes photon and a pump photon are converted to a Stokes photon and a pump photon, and phonons are created in the medium [22] . The third process, shown in figure 1(c), is SARS, which converts an anti-Stokes photon to a lower-energy pump photon while generating a phonon. In many cases, SSRS is the strongest Raman process and CARS is insignificant unless appropriate phase mismatch is realized.
The pump, Stokes and anti-Stokes waves are identically polarized in the fundamental quasi-TE mode. To describe the nonlinear optical interaction of the pump, Stokes and anti-Stokes waves in the silicon waveguide, we use the formulism described in [23, 24] with all relevant Raman and Kerr terms included. Because of the operational wavelengths in the mid-IR region ranging from 2300 to 3300 nm, the three-photon absorption (3PA) and 3PA-induced free-carrier effects should be included [25] . The Raman amplification and wavelength conversion process based on SSRS and CARS can be described by the following coupling equations: 
where A j is the slowly varying amplitude (j = p, s, a) and z is the propagation distance. T = t − z/v gp is the time in the reference frame of the pump pulse traveling at speed v gp and β 2j is the group-velocity dispersion (GVD) coefficient. The two walk-off parameters of the Stokes and anti-Stokes signals are defined as d s = β 1s − β 1p and d a = β 1a − β 1p , respectively, where β 1j is the inverse of the group velocity. The coefficient γ Kj = ω j n 2 /cA eff is related to the Kerr susceptibility, where A eff is the effective area of the propagating mode, c is the speed of light in vacuum and n 2 is the nonlinear index coefficient. The coefficient γ Rj = g j R / R A eff is related to the Raman susceptibility, where g j is the Raman gain coefficient. The Raman gain spectrum in silicon is assumed to have a Lorentzian shape with a peak frequency shift of R /2π = 15.6 THz and a half-width of R /2π = 52.5 GHz [23] . The parameter α l represents the linear propagation losses of the waveguide and β 3PA is the coefficient of 3PA. The α fcj and n fcj represent the absorption and index change induced by free carriers, respectively. Based on a Drude model, the α fc and n fc are given by
is the effective mass of the electrons (holes) and µ e (µ h ) is the electron (hole) mobility [26] . The free-carrier density N c caused by 3PA can be obtained by the following equation [27] :
where h is Planck's constant, υ p is the pump frequency and τ c is the carrier lifetime. k = k s + k a − 2k p is the linear phase mismatch [18] , and k p , k s and k a represent the propagation constants of pump, Stokes and anti-Stokes waves, respectively. The nonlinear part of the phase mismatch induced by self-phase modulation (SPM) and cross-phase modulation (XPM) is also included in the process according to the coupling equations.
Waveguide dispersion engineering
The silicon waveguides for the mid-IR applications are designed as straight SOS rib waveguides, since sapphire (Al 2 O 3 ) is transparent from visible to 5.5 µm [18] . For the SOS waveguides mentioned above, the fundamental TE mode effective indices n eff as a function of pump wavelength are numerically determined by using a finite-difference mode solver [28] . The dispersion relation is then calculated from β(ω) = n eff (ω)ω/c. Higher order dispersion is finally calculated via numerical differentiation from β n = d n β/dω n and the results of the n eff and GVD are shown in figure 3 . From figure 3(b) , it can be found that the zero dispersion wavelengths (ZDWL) are 2.67 µm, 2.59 µm, 2.5 µm and 2.41 µm for the SOS waveguides with etch depths of 0.7 µm, 0.9 µm, 1.1 µm and 1.3 µm, respectively.
Results and discussion
The mid-IR Raman amplification and wavelength conversion based on SSRS and CARS is numerically studied by simultaneously injecting a TE-polarized pump pulse centered at 2600 nm and a TE-polarized continuous-wave (CW) Stokes signal at the wavelength of 3006.5 nm. This leads to a generated anti-Stokes signal at the wavelength of 2290.3 nm. The pump pulse is taken to be Gaussian pulse with pulse width of 20 ps and the initial peak power coupled inside the waveguides ranges from 1 to 50 W, while the initial CW Stokes signal power is kept constant at 1 mW. For application to mid-IR, the Raman gain coefficient g R can be extrapolated from a gain coefficient of 20 cm GW −1 at 1550 nm as the gain coefficient scales with wavelength as 1/λ [6] and the Kerr nonlinear refractive index n 2 equals approximately 5 × 10 −14 cm 2 W −1 [18] . The linear propagation losses α l of the SOS waveguide are assumed as 1 dB cm −1 [29] and the lengths of the SOS waveguides with different etch depths are 2 cm. The 3PA coefficient β 3PA is assumed as 0.025 cm 3 GW −2 [25] and the carrier lifetime is assumed as τ c ≈ 5 ns. Here, we define the Stokes gain (Stokes-to-anti-Stokes conversion efficiency) as the ratio of the output power of the Stokes signal (anti-Stokes signal) to the input power of the Stokes signal, such that G = 10log 10 P sout P sin , η = 10log 10 P aout P sin .
The Stokes gain and wavelength conversion efficiency versus pump peak power are shown in figure 4 . The linear phase mismatch k is 6.8 rad cm −1 , −0.096 rad cm −1 , −8.17 rad cm −1 and −16.8 rad cm −1 for the waveguides with etch depths of h = 0.7 µm, h = 0.9 µm, h = 1.1 µm and h = 1.3 µm, respectively. From figure 4(a), one can find that the Stokes gain appears at saturation quickly for h = 0.9 µm and the gain is much lower than that with other etch depths. It is also found that the SOS waveguide with h = 0.9 µm has higher conversion efficiencies than other SOS waveguides when the pump peak power is less than 7 W. However, the conversion efficiency appears at saturation after the pump peak power exceeds 7 W and the conversion efficiency is much lower for h = 0.9 µm than that for other etch depths. Since the increasing of the pump power means the increase of the Stokes-pump input ratio for a fixed value of Stokes power, the above phenomena indicate that the parametric gain suppression effect occurs for a sufficiently large Stokes-pump input ratio in the SOS waveguide with h = 0.9 µm [22] . The parametric gain suppression effect can stop the Stokes and anti-Stokes growth because Stokes-anti-Stokes parametric coupling suppresses the buildup of the phonon population when the linear phase mismatch is close to zero [30, 31] . For h = 1.3 µm, the Raman amplification has a much higher gain while the wavelength conversion has a much lower conversion efficiency than that for h = 0.7 and 1.1 µm. This implies that the SSRS effect becomes stronger as the CARS effect becomes weaker for a relatively large linear phase mismatch. Although the Raman gain based on SSRS is decreased when a relatively strong CASR occurs in a SOS waveguide with appropriate linear phase mismatch, the Raman amplifier will be a cooler device because the CARS can reduce the heat below that generated by SSRS [14, 15] . The evolutions of Stokes gain and conversion efficiency along the propagation length are depicted in figure 5 under different pump peak power. The Stokes gain based on SSRS has higher gain along the propagation length for h = 1.3 µm, regardless of the pump peak power. This indicates that the SSRS effect becomes stronger with the increase of the phase mismatch. When the input pump peak power is 50 W, the Stokes gain increases quickly and the peak appears with a short propagation length of only 8 mm for h = 1.3 µm. It is also found that the effect of parametric gain suppression stops the Stokes signal growth along the propagation length when h = 0.9 µm. Figure 5 shows complex processes for Stokes-to-anti-Stokes wavelength conversion along the propagation length. When the input pump peak power is 1 W, the conversion efficiency presents an oscillatory nature for h = 1.1 and 1.3 µm due to the coherence length of the larger linear phase mismatch [32] . It is clear that the oscillatory nature for h = 1.1 and 1.3 µm disappears when the pump peak power is increased to 10 W, because the CARS effect constantly converts the Stokes photons to anti-Stokes photons. When the input pump peak power is 50 W, the conversion efficiency for h = 1.1 and 1.3 µm is much larger than that for h = 0.9 µm owing to the parametric gain suppression effect and the maximum conversion efficiency is obtained for h = 1.1 µm as shown in figure 5 . Hence, the parametric gain suppression effect becomes stronger with the increasing of the pump peak power for a fixed Stokes power. The peaks of the conversion efficiency for h = 1.1 µm and h = 1.3 µm appear at the propagation length of 11.4 mm and 7.5 mm, respectively. Therefore, the optimal lengths of the SOS waveguides for the wavelength conversion process are different for different etch depths. We should remark that the conversion efficiency decreases quickly after the peak while the Stokes gain also increases, because the reverse process of CARS occurs with converting anti-Stokes photons to Stokes photons. Then the Stokes gain and conversion efficiency tend to an almost fixed value due to the absence of SSRS and CARS when the pump is fully depleted [33] .
In order to avoid the parametric gain suppression effect, the relationship between the Raman amplification (or Raman wavelength conversion) and linear phase mismatch k should be studied, which provide a guide for the dispersion engineering. The Stokes gain and conversion efficiency versus k with various pump intensities are shown in figure 6 . With the increase of pump intensity, both of the Stokes gain and Stokes-to-anti-Stokes conversion efficiency increase as expected. From figure 6(a) , it is clear that the Stokes gains become much lower when the linear phase mismatch k is close to zero, regardless of the pump intensity. Hence, to realize a high-gain (>40 dB) mid-IR silicon Raman amplifier with cooling due to CARS, the dispersion profiles of the SOS waveguide should be engineered to satisfy the relation: 4 < | k| < 10 rad cm −1 as depicted in figure 6 (a). When the pump intensity is 40 MW cm −2 , the Sinc 2 curve of conversion efficiency as a function of k is exhibited in figure 6 (b), which can be explained by the oscillatory nature shown in figure 5 . However, the conversion efficiency drops down quickly when the linear phase mismatch k is close to zero for pump intensity larger than 400 MW cm −2 , because the Stoke-pump input ratio is large enough that the parametric gain suppression effect occurs. Two peaks of the conversion appear for I p = 2 GW cm −2 corresponding to two linear phase mismatches of k = −3.5 and 4.5 rad cm −1 . It is clear that the conversion efficiency at exact linear phase matching is smaller than that at optimal linear phase mismatch by a factor of about 28 dB when the pump intensity is 2 GW cm −2 . We should remark that the pump intensities used in the simulation are much lower than the damage threshold of silicon for the pulse width of 20 ps [34, 35] . In addition, the slight higher efficiency in the part of k < 0 is due to the positive value of nonlinear phase mismatch 2γ K P p . Therefore, to realize a high efficient (>30 dB) mid-IR Raman wavelength converter based on the CARS effect, the dispersion profiles of the SOS waveguide should be engineered to satisfy the relation: −10 < k < −2 rad cm −1 or 4 < k < 6 rad cm −1 as depicted in figure 6(b) .
For the SOS waveguides with different etch depths mentioned above, the linear phase mismatch k presents a negative value when the etch depth h > 0.9 µm. Since the SOS waveguide can support a much better confinement for a larger etch depth according to figure 2(b) , the linear phase mismatch k < 0 with relatively larger etch depth will be better for the design of the SOS waveguide. Therefore, the relations of −10 < k < −4 rad cm −1 and −10 < k < −2 rad cm −1 are better for Raman amplification and wavelength conversion, respectively. Hence, the SOS waveguide with etch depth of 1.1 µm mentioned above satisfies the relation. From figure 5 , it is found that the maximal Stokes gain is 43.44 dB at the propagation length of 1.4 cm and the maximal conversion efficiency is 35.68 dB at the propagation length of 1.14 cm for h = 1.1 µm when the pump peak power is 50 W.
Conclusion
The complete simulation model allows us to show clearly the detriment of parametric gain suppression effect for the Raman amplification and wavelength conversion. By tailoring the etch depth of the SOS waveguide, it is found that the Raman amplification and wavelength conversion become much more inefficient with the increase of the pump peak power due to the parametric gain suppression effect when the linear phase mismatch k is close to zero. In order to avoid the parametric gain suppression effect, the relationship between the Raman effects and linear phase mismatch k is studied with different pump intensities.
